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In this study, we investigate the statistical properties of the returns and the trading volume. We show a typical example
of power-law distributions of the return and of the trading volume. Next, we propose an interacting-agent model of stock
markets inspired from statistical mechanics (Kaizoji & Kaizoji, 2003) to explore the empirical findings. We show that as
the interaction among the interacting traders strengthens, both the returns and the trading volume present power-law

behaviour.
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Introduction

Over half a century, a considerable number of researches
have been made on trading volume and its relationship
with asset returns (Campbell, Grossman, & Wang, 1993;
Campbell, Lo, & MacKinlay, 1997; Copeland, 1976; Epps,
1975; Gallant, Rossi, & Tauchen, 1992; Jones, Kaul, &
Lipson, 1994; Karpoff, 1987; Lo & Wang, 2000, 2002;
Osborne, 1959; Schwert, 1989; Ying, 1966). Although the
existence of the relationships between trading volume and
future prices is inconsistent with the weak form of market
efficiency (Campbell, Lo, & MacKinlay, 1997), the analy-
sis of the relationship has received increasing attention
from researchers and investors. One of the causes of great
attention to the relationship is that many have considered
that price movements may be predicted by trading volume.

The researchers in a new field of science called ‘econo-
physics’ have worked on this problem from a slightly dif-
ferent angle. In the literature of econophysics (Bonanno,
Lillo, & Mantegna, 2000; Gabaix, Gopikrishnan, Plerou,
& Stanley, 2003; Tori, 1999; Kaizoji & Nuki, 2004; Lillo,
Farmer, & Mantegna, 2003; Plerou, Gopikrishnan, Gabaix,
Amaral, & Stanley, 2001; Plerou, Gopikrishnan, Gabaix, &
Stanley, 2002; Plerou, Gopikrishnan, & Stanley, 2003),
most studies on price fluctuations and trading volume have
focused primarily on finding some universal characteris-
tics which are often observed in complex systems with a

large number of interacting units, such as power laws, and
have modelled the statistical properties observed. Generally
speaking, studies on price-volume relations tend to be
very data-based, and the models are more statistical than
economic in character.

The aims of this study are twofold. We first investigate
the statistical properties of returns and trading volume
using a database that records daily transaction for securi-
ties listed in the Tokyo Stock Exchange from 1975 to 2002.
As a typical example of company, we take Fujita
Corporation which is a middle-size construction company.
We find that the probability distributions of returns and of
trading volume follow power laws. To give an explanation
on these findings, we next study a model that expresses
trading volume and its relationship with asset returns.
Our previous work (Kaizoji, 2000, 2001; Kaizoji, Bornoldt,
& Fujiwara, 2002; Kaizoji & Kaizoji, 2003) proposed
interacting-agent models of price fluctuations in stock mar-
kets. In these studies we applied the so-called Ising models
(Bornholdt, 2001; Chowdhury & Stauffer, 1999), which is
a well-known model in statistical mechanics, to stock mar-
kets, and described the interaction of agents. In this article,
we utilize our model (Kaizoji & Kaizoji, 2003), and formu-
late the relationship between returns and trading volume.
In the model (Kaizoji & Kaizoji, 2003) the stock market is
composed of the two typical groups of traders: the funda-
mentalists who believe that the stock price will be equal to
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the fundamental value (Gordon, 1962), and the interacting
traders who tend to get influenced by the investment atti-
tude of other traders. We derive the market-clearing prices
and the trading volume from demand for and supply of
shares of a stock. We show that the probability distribu-
tions of returns and trading volume generated by computer
simulations of the model have power-law tails when the
interaction among the interacting traders, the so-called
conformity effect, strengthens.

The rest of the article is organized as follows. The next
section reviews briefly the empirical findings. The third
section describes the interacting agent model and the
fourth section shows results of computer simulations,
the final section gives concluding remarks.

The Empirical Results

In this section, we examine the statistical properties of the
probability distributions of returns and of trading volume
using a database that records daily transaction for all secu-
rities listed in the Tokyo Stock Exchange. We use the daily
data for the closing price and the trading volume on the
company in the 28-year period from January 1975 to
January 2002 when corresponds to Japan’s asset bubble
and eventual burst. As a typical example of companies, we
selected Fujita Corporation (Ticker: 1806), which is a mid-
dle-size construction company in Japan. We find that the
probability distributions of returns and of trading volume
on the company present power-law decay. Return is defined
as the logarithmic price change of the stock from one day’s
close to the next day’s close, and trading volume is defined
as the number of shares traded in a trading day. Figure 1(a)
and Figure 1(b) display the time series of returns and the
probability distribution of returns drawn from the corre-
sponding time series in Figure 1(a). The time series of
returns has clustered volatility that consists of laminar
phases and chaotic bursts. Figure 1(b) displays the semi-
log plot of the probability distribution of the returns, and
indicates that the tails of the return distribution have appar-
ently longer than tails of an exponential distribution.!
Figure 1(b) shows that the tails of return distribution are fit
approximately by a power law, P(|R| > x) ~ x“, where R
denotes returns, and & the power-law exponent.

We next analyze the statistics of the trading volume.
Figure 2(a) and Figure 2(b) show the time series of
the trading volume, and the semi-log plot of the probabi-
lity distribution of the trading volume calculated by the
corresponding time series in Figure 2(a). We also find that
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Figure |. The Time Series of (a) Returns and (b) the Probability
Distribution of Returns for Fujita from January 1975 to January
2002

Note: The tails of the probability distribution of returns displays power-
law decay.

the probability distribution of the trading volume in
Figure 2(b) also displays power-law behaviour.

To investigate the reason why power laws for
returns and trading volume are observed, we present an
interacting-agent model in the following section.

An Interacting-agent Model

In this section we introduce an interacting-agent model
proposed in Kaizoji and Kaizoji (2003). We consider a
stock market where shares of a stock are traded at price, Sj,
per share. Two groups of traders with different trading
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strategies, interacting traders and fundamentalists partici-
pate in the trading. The number of fundamentalists, m, and
the number of interacting traders, n, are assumed to be
constant. The model is designed to describe movements of
the price of the stock, and of the trading volume over a
trading day. In the following, a more precise account of the
decision making of each trader type is given.

Interacting Traders

An interacting trader is described in the literature of finan-
cial research as noise trader. Noise trader is frequently
regarded as a trader who trades randomly (Kyle, 1985).
However, an interacting trader is not an idiot but makes
decisions regarding buying or selling based on perceived
market moods rather than fundamentals. An interacting
trader buys when the others seem to be buying and sells
when the others seem to be selling.

Each interacting trader is labelled by an integer 7, (i = 1,
2..., n). The investment attitude of interacting trader i is
represented by the random variable, u, and is defined as
follows. If interacting trader i is a buyer of shares during a
given day, then u, = +1, otherwise he/she sells shares, and
then u, = —1. Consider that the investment attitude u, is
updated with transition probabilities. We adopt the follow-
ing functions of the average investment attitude over inter-

. 1< . o
acting traders X = —z u, as the transition probabilities.
=

1

O = e (20%)

(transition from seller to buyer) (1)

P = e (20)

(transition from buyer to seller) 2)

where ¢ denotes intensity of interaction among interacting
traders. We assume that ¢ vary randomly in time. If more
than a half number of interacting traders are buyers, then
the average investment attitude X is positive, and if more
than a half number of interacting traders are sellers, then
the average investment attitude X is negative. As the
average investment attitude X increases, the transition
probability from a seller to a buyer W,(X) is higher, and at
the same time, the transition probability from a buyer to a
seller W (X) is lower. Inversely, as the average investment
attitude X decreases, the transition probability from a buyer

to a seller W (X) is higher, and the transition probability
from a seller to a buyer W,(X) is simultaneously lower.

One can derive? a following dynamic equation of the
average investment attitude X from the above transition
probabilities (1) and (2):

dX () = K(X)dt +JO(X) dW (¢), 3)

where K(X) = tanh(¢X), O(X) = 2 [1-tanh(¢.X)], and W(7)
n

is the Wiener process. To perform the numerical simula-
tion, we consider a discretized version of the stochastic
differential equation (3)

X, =X, +K(X)At + JO(X ) AW, (4)
Here, X = X(tj), Atj =1, 1, and AWJ. = W(tjﬂ) - W(tj). AW,
is the increment of the Winner process or a white noise.
Following Kaizoji and Kaizoji, (2003), we assume that
intensity of the interaction changes randomly in time j, and
furthermore, define the randomness as ¢, = pAW, where the
parameter p is a constant, and AW, is the increment of the
Winner process. We name the parameter, p, which describes
the intensity of interaction among interacting traders, the
conformity effect.

Each interacting trader chooses to either buy or sell
shares, and is assumed to trade a fixed amount, b, of the
shares in a day. Then the interacting traders’ excess demand
for shares is defined as

0'=bnX,. 5)

Fundamentalists

In finance theories, the fundamental value, S;.k, of the firm
is estimated by forecasting future cash flows and discount
rates (Gordon, 1962). Fundamentalists are assumed to have
fundamental valuation techniques to find the fundamental
value, S;k, and have information of the fundamentals of the
firm. If the price, S/’ is below the fundamental value, S;.", a
fundamentalist tends to buy shares because he estimates
the stock to be undervalued in a stock market, and if the
price, Sj, is above the fundamental value, S;.", a fundamen-
talist tends to sell shares. Hence we assume that fundamen-
talists’ demand function is given by:

0/ =am(In ST -InS). (6)

where m is the number of fundamentalists, and a para-
metrizes the reaction on the discrepancy between the
fundamental value and the market price.
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Market Clearing Price

The mechanism of trading in stock exchanges differs from
one exchange to another. However, the price movements in
any trading mechanism are governed by the forces of
demand and supply. We here consider here an auction mar-
ket which a market maker mediates the trading, and
matches buyers with sellers at a market clearing price. The
market transaction is performed when the buying orders
are equal to the selling orders. The balance of demand and
supply is written as

O/ +0 =am[ln ST -In S, ]+bnX, =0. (7)
Hence the market price is calculated as
InS, =In S;" +AX, (®)

bn . . .
where 4 =——. Using the price equation (7), we can cate-
am

gorize the market situations as follows. If X = 0, the market
price, S is equal to the fundamental value, S* If X > 0,
the market price, S exceeds the fundamental Value S
(bull market reglme) If X <0, the market price, S, is 1ess
than the fundamental value, S;.", (bear market regime). The
price changes are defined as

=InS,~InS,_ =(nS*~InS* )+ AX,~X,_) (9

Changes in the market price depend on changes in the
interacting traders’ orders, and changes in fundamental
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value. We here assume that changes in the fundamental
price (In S;.k
is a logical entailment of a well-known efficient market
hypothesis (Malkiel, 2003). In the efficient market, the
price, S, is basically equal to the fundamental value, S*
However in this model, market clearlng price, S, depends
on not only fundamental value, S but also 1nteract1ng
traders’ orders. Hence, the efﬁ01ent market does not hold.
From the market clearing condition (7), the trading vol-
ume, which is defined as the number of shares traded in a
trading day, is calculated by the following,

v, =bn(w} (10)

-InS ;k_l) are unpredictable and random.? This

Simulations

In this section we perform computer simulations of the
model (9) and (10) proposed in the preceding section.
Hereafter, the model will be simulated numerically with
the parameters given by At = 0.1, A =1, and the fixed
number of interacting traders, n = 100,000. We investigate
statistical properties of the dynamics of returns, R, and of
trading volume, V, for three different values of the con-
formity effect, Wthh indicates intensity of interaction
among the interacting traders, p = 0.1, 2 and 8. Figure 3(a)
and Figure 3(b) display the typical evolutions of the returns,
R, and of the trading volume, v, for a weak conformity
effect, p = 0.1. Both the time series have only narrow
Gaussian fluctuations. In Figure 3(c¢) and in Figure 3(d) we
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(Figure 3 continued)
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Figure 3. A Weak Conformity Effect, p = 0.1
Notes: The time series of (a) returns and of (b) trading volume are generated from the model with p = 0.1, At = 0.1, A =1, and n = 100,000.

The semi-log plots of probability distributions of (c) returns and of (d) trading volume for p = 0.1. When we assume a weak conformity effect,
p = 0.1, the tails of the probability distributions of returns and of trading volume follow normal distributions.

show the probability distributions of returns, R, and of
trading volume, Vj, for p = 0.1. The tails of both the prob-
ability distributions of returns, R/., and of trading volume,
V, can be approximated by normal distributions.

Figures 4(a) and 4(b) display the time series of returns,
R, and trading volume, Vv, for a moderate conformity
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effect, p = 2. Both the time series are more volatile than
the time series of returns, Rj, and of trading volume, Vj, for
the very weak conformity effect p = 0.1. The tails of the
probability distributions of returns, R, and of trading
volume, v, for p = 2 can be approximated by exponential
distributions (Figure 4 (c) and in Figure 4 (d)).
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(Figure 4 continued)
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Figure 4. A Moderate Conformity Effect, p =2
Notes: The time series of (a) returns and of (b) trading volume are generated from the model with p = 2, At = 0.1,4 =1, and n = 100,000. The semi-

log plots of probability distributions of (c) returns and of (d) trading volume for p = 2. When we assume a moderate conformity effect, p = 2,
the tails of the probability distributions of returns and of trading volume follow exponential distributions.

Let us raise the value of the parameter p = 8 from p = 2.
Figure 5(a) and Figure 5(b) display the time series of
returns, RJ_, and trading volume, Vj_, for a strong conformity
effect, p = 8. Both the time series of the returns, R, and the
trading volume, Vj, for p = 8 have clearly clustered volatil-
ity, and consist of laminar phases and chaotic bursts. For a
strong conformity effect, p = 8 the tails of the probability
distributions of returns, Rj, and trading volume, V/’ shows
power-law decay (Figure 5(c) and 5(d)).
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It can be seen that, as the conformity effect p increases,
clustered volatility comes to be observed more definitely.
With strengthening the conformity effect, p, the shape of
the probability distributions of returns, R, and of trading
volume, V, change from Gaussian distributions to power-
law distributions. To sum up, as the interaction among the
interacting traders strengthens, the returns and the trading
volume present power-law behaviour.
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(Figure 5 continued)
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Figure 5. A Strong Conformity Effect, p = 8
Notes: The time series of (a) returns and of (b) trading volume are generated from the model with p = 8, At = 0.1,4 =1, and

= 100,000. The semi-log plots of probability distributions of (c) returns and of (d) trading volume for £ = 8. When we
assume a strong conformity effect, p = 8, the tails of the probability distributions of returns and of trading volume follow

power-law distributions.

Concluding Remarks

In this article we present an interacting agent model of a
stock market which is modelled from the point of view of
statistical mechanics. In our model the stock market is
composed of the two groups of traders: the fundamentalists
and the interacting traders. The point of the results shown
by the simulation is that intensity of the interaction among
the interacting traders is a key factor which generates
power-law distributions of returns and of trading volume.
The question, which has been touched in introduction
but not explored, is analysis of the relationships between
returns and trading volume. It needs further consideration.
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Notes

1. If the tails of the probability distribution can be approximated
by a liner line, then the probability distributions follow an
exponential function.

2. For the detail deviation of equations (3), and (4), see Kaizoji
and Kaizoji (2003) and Gardiner (1985).

3. We assume that the term (In S;k —In S;:) is a white noise.
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